We present a detailed analysis of a quantum memory for photons based on controlled and reversible inhomogeneous broadening (CRIB). The explicit solution of the equations of motion is obtained in the weak excitation regime, making it possible to gain insight into the dependence of the memory efficiency on the optical depth, and on the width and shape of the atomic spectral distributions. We also study a simplified memory protocol which does not require any optical control fields.
I. INTRODUCTION
The implementation of quantum memories for photons is an important goal in quantum information processing. It would allow the realization of on-demand single-photon sources based on heralded sources [1, 2] and provide a basic ingredient for quantum repeaters [3] . Several different approaches to the realization of such memories have been proposed, using both single absorbers in high-finesse cavities [4] and dense atomic ensembles. The latter proposals include the use of off-resonant interactions [5] , of electromagnetically induced transparency (EIT) [6] , and of nonstandard photon echoes [7] . On the experimental side, storage and retrieval of classical light has been realized using EIT [8] and photon echoes [9] . Coherent states of light have been stored in an atomic ensemble with higherthan-classical fidelity using off-resonant interactions [10] . Recently the storage and retrieval of single photons have been reported using EIT in atomic ensembles [11, 12] .
In the present work we are following the approach that originated in Ref. [7] , where it was shown that highly efficient photon echoes [13] can be generated in a gas of atoms exploiting the fact that the Doppler shift changes sign if the propagation direction of the light is reversed. A first adaptation of the effect to solid state systems was suggested in [14] using nuclear magnetic resonance. Refs. [15] and [16] proposed an attractive experimental realization of the same principle using controlled reversible inhomogeneous broadening (CRIB). These proposals combine spectral hole burning techniques and the use of controllable Stark shifts from electric field gradients. First proof-of-principle experimental demonstrations of the CRIB approach have recently been performed [17, 18] .
Here we perform a detailed theoretical analysis of the CRIB quantum memory protocol for finite optical depth and general atomic distributions. In section II we give the equations of motion for the full system atoms plus light and recall the principle of a memory based on CRIB. In section III we derive the general solution of the equations of motion under the condition of weak excitation. We discuss both the complete memory protocol, where the output field is emitted in the backward direction, and a simplified protocol, which does not use any optical control fields, leading to forward emission. In section IV we study the dependence of the memory efficiency on the optical depth of the medium. We show that it approaches one for the complete protocol for sufficiently large optical depth, whereas it can be over 50 % for the simplified protocol, for which the efficiency is limited by reabsorption. In section V we show that the width of the initial atomic distribution determines the possible storage time. We furthermore analyze what is the optimal broadening for a given initial distribution and pulse width. Finally we investigate the effect of shapes of the atomic distribution and light pulse. Section VI gives our conclusions.
II. GENERAL PRINCIPLE
A light pulse propagates through a medium composed of two-level atoms. It resonantly couples the two atomic states, the ground state |g and the excited state |e . We look at the behavior of the positive frequency part of the slowly time-varying envelope E(z, t) of the light field decomposed in forward and backward modes
in a one-dimensional light propagation model. This onedimensional model is well adapted to the propagation either in an optical wave guide or in a bulk medium under the condition that A/λℓ ≫ 1, A being the area of the light beam, λ the wavelength and ℓ the propagation length. The central frequency ω 0 of the light pulse is detuned from the atomic transition frequency ω eg by ∆ := ω 0 − ω eg . The atomic transitions undergo an inhomogeneous broadening that we consider uniform in space such that the density of atoms associated to the detuning ∆ is ρ(∆) [19] . To describe the properties of the atomic ensemble, we define a mean field per atoms, slowly varying in time
i, j standing for e or g. In the above sum, the atom index n runs over all atoms N (∆, z) := ρ(∆)δzδ∆/L with detuning within the interval [∆ − δ∆/2, ∆ + δ∆/2] and position within the interval [z −δz/2, z +δz/2]. L denotes the length of the medium. The Hamiltonian describing the system atoms plus light is given in the rotating wave approximation by
−℘E(z, t)σ eg (z, t; ∆) + H.c.
℘ being the dipole moment of the transition |e -|g . In analogy with the light field, the positive frequency part of the operator associated to the atomic coherence σ ge is decomposed into two counter-propagating contributions
Under the approximation that most of the population stays in the ground state σ gg ≈ 1, which is well justified for single or few photons light storage, the evolution of the atomic coherence is given by the following Heisenberg-Langevin equations
Here we neglect the homogeneous decoherence. We will however take into account inhomogeneous dephasing in the following, cf. section V A. Using the slowly varying approximation, the evolution of the forward and backward components of the light pulse is given by
(6b) where β is defined by β := g 2 0 N ℘ with g 0 := ω 0 /(2ǫ 0 V ). N := d∆ρ(∆) is the number of atoms in the quantization volume V such that ρ(∆) = N × G(∆) where G(∆) is the normalized spectral atomic distribution. A complete description of the system is given by the set of Eqns. (5)- (6) . These equations of motion describe a situation in which the presence of the laser field introduces changes in the medium by inducing a polarization of the atomic ensemble. Reciprocally, the atomic polarization can serve as a source for the optical field. Owing to the consideration of weak excitations, the coupled equations are linear and of first order offering the possibility to solve them analytically. Furthermore, the linearity of the equations of motion implies the equivalence between classical and single-photon dynamics. In the following, the quantities E b and E f can be interpreted either as classical fields or as single-photon wave-functions. Analogously, σ b and σ f can describe either a classical atomic polarization or the wave-function of a single atomic excitation created by a single photon. The principle of a memory based on reversible absorption can be deduced from the symmetry analysis of the equations of motion. The forward components of the light operator and of the atomic coherence evolve following the set of equations (5a)-(6a). If the following transformations are performed
the equations for the backward components (5b)-(6b) define a time reversal evolution of the system compared to the equations for the forward components. This analysis reveals the essence of a quantum memory based on CRIB [7, 16] : a light pulse propagating in the forward direction is completely absorbed by the atomic ensemble. What is required to retrieve the pulse as a time reversed copy of itself is to reverse the detuning between the spectral components of the light pulse and the atomic transition frequency. At the same time, one has to apply a phase matching operation such that the wave function of the single atomic excitation propagates in the backward direction. We now describe how one can construct an optical memory according to the principle discussed above. The following scenario closely follows the ideas presented in Refs. [7, 16] . (i) One first chooses the medium. The relevant atomic transition should have a frequency in the optical domain. It should also have low decoherence rate compared to the total duration of the pulse in order to keep the phase and amplitude informations during the optical absorption. In Ref. [16] , several experimental realizations are discussed using atomic gases at room temperature or iondoped solid-state materials cooled to cryogenic temperature. Motivated by the work done in our group [20, 21] , we here consider a medium based on ion-doped solid materials.
(ii) A narrow atomic absorption line is prepared. In ion-doped materials, the absorption transition is broadened inhomogeneously due to the environment in the host which is different for each ion. A narrow absorption line can be prepared using optical pumping techniques. The width of the prepared line is limited ultimately by the homogeneous line-width defined from the decoherence rate of the atomic ensemble. In practice however, the bandwidth of the absorption line might be limited by the bandwidth of the laser used for the optical pumping. We will denote the initial detuning by ∆ 0 . The selected inhomogeneous atomic distribution, called G 0 (∆ 0 ) with bandwidth γ 0 is represented in Fig. 1 as dotted line. (iii) The initial distribution G 0 (∆ 0 ) associated to the detunings ∆ 0 is then broadened to a larger bandwidth using reversible and controlled inhomogeneous broadening. Every detuning ∆ 0 is broadened to ∆ 0 + ∆ ′ , where Fig. 1 ). In ion-doped materials, a controlled inhomogeneous broadening of the initial absorption line can be obtained by applying an electric field gradient that shifts the transition frequency of the ions by the Stark effect such that the detuning ∆ ′ is given by the induced Stark shift [15, 17, 18, 20] . The final distribution G(∆) (full line in Fig. 1 ), taking into account the broadening of all the detunings ∆ 0 , is given by the convolution of the initial distribution G 0 (∆ 0 ) and of the distribution G ′ (∆ ′ ). By reversing the electric field, the Stark shift is reversed and consequently, each detuning is reversed such that Eqn. (7a) is replaced by
Here we consider a controlled inhomogeneous broadening which is independent of the position z. This corresponds to a rare-earth doped fiber or to a crystal in which the electric field gradient is applied in a direction transverse to the propagating pulse.
(iv) The equations of motion associated to the forward components are connected to the ones associated to the backward components by applying a position-dependent phase e 2iω0z/c to the atomic ensemble when the light excitation is reduced to zero. This transforms the forward component σ f into the backward component σ b according to the Eqn. (4) . The phase shift e 2iω0z/c can be realized by using counter-propagating π-pulses to transfer the atomic coherence back and forth to an auxiliary ground state [15, 16] . This procedure can also offer longer storage duration by choosing a ground state with long coherence time [27] . If the phase shift is not applied, the evolution of the system is given by the forward set of equations. The pulse reemitted by the medium propagates in the forward direction and is partially reabsorbed, limiting the memory efficiency. On the other hand, this simplified protocol does not require the use of additional control laser fields. This provides an advantage for few photons quantum memory by avoiding the light noise generated by auxiliary laser fields.
In the next section, we study the properties of the optical memory for a finite optical depth when the atomic ensemble reemits the light pulse in forward and backward directions. We also look at the impact of the initial distribution bandwidth and we establish the optimal broadening of the initial distribution with respect to the memory efficiency for a given pulse.
III. GENERAL SOLUTION
We solve the equations of motion by generalizing the technique presented in ref. [22] . To clearly distinguish the contribution of the initial distribution of atoms G 0 (∆ 0 ) and of the broadened distribution G ′ (∆ ′ ) associated to a single absorption line, we introduce the atomic operator
is the number of atoms with initial detuning around ∆ 0 broadened to ∆ ′ + ∆ 0 and with position around z. When the inhomogeneous broadening is reversed, the detuning is changed from ∆ ′ + ∆ 0 to −∆ ′ + ∆ 0 such that the atomic properties are described by the operator σ ij (z, t; −∆ ′ , ∆ 0 ). As in the previous section, the atomic operator is decomposed into two counter-propagating contributions. We are interested in the evolution of an incoming light pulse propagating in the forward direction through the atomic ensemble
Initially, there is no atomic excitation such that σ f (z, t → −∞; ∆ ′ , ∆ 0 ) = 0. Taking into account this initial condition, Eqn. (10b) can be solved as
We are interested in the regime for which the storage duration T is longer than the pulse duration τ. We thus consider that at the position z = 0, the incoming light pulse E in (z = 0) is centered around −T /2. The inhomogeneous broadening is reversed at time t = 0 after a time sufficiently long with respect to the pulse duration τ. The Fourier transform of the incoming light pulse is defined byẼ
The upper bound is equal to 0 since the incoming light pulse is not defined anymore at positive times. Furthermore, we consider the regime in which the broadened distribution bandwidth γ is larger than the inverse of the storage duration 1/T. These considerations allow us to introduce the Fourier transform of the incoming light pulse in Eqn. (10a) in which σ f is replaced by its expression (11)
H(ω) is defined by
at any position inside the medium 0 z L. The solutions (11) and (14) describes the absorption of the incoming light pulse by the atomic ensemble. The absorption coefficient α(ω) defined from the relation |Ẽ
It is thus proportional to the coupling between the light pulse and the atomic ensemble and depends on the atomic distribution via the function H(ω).
In what follows, we give the expressions of the outgoing light pulse reemitted by the atomic ensemble by distinguishing the pulses reemitted in the controlled backward and forward directions.
A. Complete protocol: Emission in backward direction
The light pulse is partially absorbed such that a part of the light excitation is transfered into the atomic ensemble. At time t = 0, the inhomogeneous broadening is reversed meaning that the detuning ∆ 0 + ∆ ′ changes to ∆ 0 − ∆ ′ . Furthermore, the phase shift e 2iω0z/c is applied to the atomic ensemble such that the system evolves backward in space. We assume that at t = 0 the nonabsorbed part of the light has left the medium so that the field is zero, i.e. the excitation is purely atomic. The system is described by the following set of equations
with the initial condition
The solution of Eqn. (16b) is given by
Plugging the previous expression into Eqn. (16a), we get the following propagation equation
for the Fourier transform of the outgoing pulsẽ
The lower bound is equal to 0 since the outgoing light pulse, centered around T /2, is not defined at negative times. We have introduced the functions
The solution of Eqn. (17) establishes the connection between the output and the input light pulses when they propagate in opposed directions
In the next subsection, we study the simplified protocol in which the position-dependent phase is not applied to the atomic ensemble. We find the expression of the output pulse when it propagates in the forward direction.
B. Protocol without phase shift: Emission in forward direction
If at time t = 0, the additional phase e 2iw0z/c is not applied to the atomic ensemble, the system evolves forward in space and its evolution is given by the set of equations (10) in which ∆ ′ has to be changed to −∆ ′ . As above, the light pulse is partially absorbed and the absorbed light excitation is transfered to the atoms. The initial condition is thus
The equations of motion are resolved as previously. The expression of the outgoing light pulse propagating in the forward direction is given bỹ
The sinhc denotes the hyperbolic sinus cardinal function (sinhc(x) = sinh(x)/x). The equations (19) and (20) establish the expression of the light pulse reemitted by the atomic ensemble in both backward and forward directions as a function of the input light pulse characteristics and of the properties of the atomic medium. They are valid for a general initial distribution broadened to an arbitrary distribution. In the next sections, they are analyzed in order to deduce some characteristics of the memory for specific atomic distributions.
IV. FINITE OPTICAL DEPTH
In the framework of a practical realization, it is necessary to know the properties of the memory for a finite optical depth. This topic has also been addressed for the CRIB protocol in Refs. [23, 24] and for the slow-light based memories in Refs. [25, 26] .
The analysis is done using a simple model in which the initial distribution is reduced to a single narrow absorption line G 0 (∆ 0 ) = δ(∆ 0 ). The initial absorption line is broadened to be constant on the interval [−γ/2, γ/2] and null elsewhere such that it satisfies the condition
In the regime where the spectral pulse bandwidth is smaller than the inhomogeneous broadening Γ ≪ γ, we have H(ω) ≈ F (ω) ≈ J(ω; 0)/2 ≈ π/γ and the outgoing pulse propagating in the backward direction (19) takes the following form
at the position z = 0. The absorption coefficient is given by α = 2πg 2 0 N ℘ 2 /γc. The memory efficiency, defined by
corresponds to the probability to retrieve an absorbed photon. The memory efficiency depends on the optical depth αL and as can be seen in Fig. 2 , it reaches 100% for large enough optical depth. This limit of a large optical depth corresponds to the result presented in Ref. [16] . Under similar conditions, when no phase shift is ap- plied, the expression of the output light pulse propagating in the forward direction (20) is given at the position
The sinus cardinal function induces a distortion of the light for large pulse bandwidth Γ with respect to c/L. For a pulse bandwidth smaller than c/L, the expression for the forward pulse is reduced to
In this regime, the interaction with the atomic ensemble does not induce distortion neither in the forward direction nor in the backward direction. For small optical depth, the memory efficiency varies quadratically as a function of the optical depth for both forward and backward protocols. However, in the forward direction, the pulse is reabsorbed by the atoms when the optical depth increases and the memory efficiency reaches a maximum of 54% at the optical depth αL = 2. Here we have supposed that the optical depth αL is constant for the whole spectral width of the pulse. If αL is lower for certain spectral components of the pulses, the memory efficiency is lower.
V. ATOMIC DISTRIBUTION
In the previous section, we have studied the dependence of the memory efficiency on the optical depth. For an initial distribution with characteristic bandwidth G 0 (∆ 0 ) ≈ γ 0 smaller than the spectral pulse bandwidth Γ and broadened to a distribution bandwidth G(∆) ≈ γ, the optical depth can be written as
where
is the initial density of atoms. α 0 L corresponds to the initial optical depth in the absence of broadening. For a given medium , the optical depth αL varies with the ratio of the initial distribution bandwidth on the broadened distribution bandwidth. In a first subsection, we show that the initial distribution bandwidth also limits the storage duration. We thus prove the existence of a trade-off between the memory efficiency and the storage duration. In a second subsection, we look at the optimal broadening for a given pulse and for a fixed initial distribution.
A. Memory efficiency versus storage duration
To analyze the role of the initial distribution bandwidth, we consider the simple case in which the broadened distribution is constant in a given interval and null elsewhere
(θ being the Heaviside function) such that in the regime Γ ≪ γ and γ 0 ≪ γ, we have
We discuss the results obtained from the backward process but the conclusions are applicable for the forward process as well. Under the condition γ 0 ≪ c/L, the output light pulse emitted in the backward direction (19) is given by the following expression (27) at the position z = 0. Since the output pulse is centered around T /2, we are interested in times t around T /2. Comparing Eqns. (21) and (27) , it clearly appears that the output pulse is multiplied by the Fourier transform of the initial distribution. For an initial distribution bandwidth γ 0 , the storage duration T is thus limited by 1/γ 0 . This has already been observed experimentally as reported in ref. [17] . The bandwidth of the initial distribution thus constitutes a limitation for the storage duration T γ 0 ≪ 1. Since the initial distribution width also affects the optical depth (see Eqn. (25)) and thus the memory efficiency, there exits a trade-off between a long storage duration and a large memory efficiency. Note that this is true for a two-level system. If other long-living levels are available, the storage time can be increased significantly by transferring the excitation to a second long-living state, e.g. a ground state hyperfine level [27] .
B. Optimal broadening
We now consider that the initial distribution has been chosen. We define the effective width of the initial distribution
which depends on the medium properties together with the initial distribution and thus has a fixed value. The optical depth after broadening is given by
For a given pulse shape, we look for the optimal width of the broadened distribution with respect to the memory efficiency.
We first fix the shape of the atomic distributions to be the same as the Lorentzian shape of the light pulsẽ
For a given value of the effective width of the initial distribution ν, we calculate the memory efficiency by varying the broadened distribution width with respect to the pulse bandwidth. In the limit γ 0 → 0, ρ 0 (0) → +∞ such that ν has a finite value, the functions J(ω; 0), F (ω) and H(ω) take the simple forms
(33) The output pulse (19) - (20) is given bỹ
when propagating in the backward and forward (with the hypothesis Γ smaller than c/L) directions respectively. In Fig. 3 (top) , we take ν = 2Γ and we plot the efficiency as a function of the broadened distribution bandwidth γ. For large γ, the optical depth (25) which is inversely proportional to γ, is small. As shown in Fig. 3 (top) , the memory efficiency for the backward protocol is close to the efficiency of the forward protocol. For smaller val- ues of γ, the efficiency increases and reaches a maximum for the forward process caused by the reabsorption while the efficiency of the backward protocol continues to grow until a value close to 100%. When γ tends to zero, the bandwidth of the broadened distribution is too small to absorb the light pulse and the memory efficiency tends to zero for both backward and forward processes. In both cases, however, the optimum efficiency occurs when the broadened distribution bandwidth and the light bandwidth are of the same order. Taking a smaller value for ν = 0.05Γ, we plot in Fig. 3 (bottom) the emission efficiency versus the distribution bandwidth. The efficiency curves exhibit similar shapes as in the large ν case except that their maxima reach smaller values. These maxima are obtained for a narrower broadened distribution bandwidth than the pulse bandwidth. One can understand these results in the following way: To insure a high efficiency of the CRIB protocol, the optical depth after broadening has to satisfy αL 1. From Eqn. (29), we deduce that the effective width of the initial distribution has to be at least of the order of the broadened distribution bandwidth: ν γ. Thus, for a pulse bandwidth Γ ≈ ν, one can broaden the initial distribution until γ ≈ Γ and thus achieve high efficiency. If Γ ≫ ν, it is more advantageous to choose a smaller broadening than the pulse width γ ≈ ν ≪ Γ. In this case, however, one must expect strong distortion of the output pulse due to filtering effects. Finally, we investigate how the shape of the broadened distribution influences the memory efficiency. We keep the Lorentzian shape of the light pulse but we take a constant distribution in a given interval
G 0 (∆ 0 ) = 1 γ 0 θ(∆ 0 + γ 0 /2)θ 0 (γ 0 /2 − ∆ 0 ), (37)
For a fixed value of the effective width of the initial distribution ν, we calculate the memory efficiency and we compare it to the efficiency obtained for the Lorentzian shapes of Eqns. (30-32).
In the limit γ 0 → 0, the functions J, F and H take the following forms J(ω; 0) = 2π γ θ(ω + γ/2)θ(γ/2 − ω),
such that the light pulse generated in the backward direction (19) is given bỹ 
for ω ∈ [−γ/2, γ/2]. From these expressions, we plot (see Fig. 4 ) the memory efficiency. We compare it to the efficiency we found for identical broadened distribution and light pulse shapes. Globally, the relative shapes of the broadened distribution and of the light pulse does not modify the memory efficiency. Locally, for small distribution bandwidths, the memory efficiency is a bit larger for identical shapes. However, when the distribution bandwidth increases, the efficiency is higher when these shapes are different.
VI. CONCLUSION
We have obtained the explicit solution of the equations of motion for the system atoms plus light in the weak excitation regime, making it possible to gain insight into the dependence of the memory efficiency on the optical depth, and on the width and shape of the atomic spectral distributions. Furthermore, we introduced a simplified CRIB-based memory protocol, which does not require the use of any additional laser field, and showed that its efficiency is limited to 54%. For both the complete and the simplified CRIB protocols, the interaction with the atoms does not induce distortion of the stored light pulse. We have shown that the storage duration is limited by the initial spectral distribution of the atoms. This distribution also defines the absorption of the medium which determines the memory efficiency. There thus exists a trade-off between the storage duration and the memory efficiency. For a given pulse shape, the optimal broadening of the initial distribution is of the order of the effective bandwidth of the initial atomic distribution, defined as the product of the atomic density and the width of the initial atomic distribution. We have also shown that the shape of the broadened distribution does not dramatically change the memory efficiency.
